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Abstract 



OO , We consider five dimensional deSitter spacetimes with a deficit 

angle due to the presence of a closed 2-brane and identify one dimen- 
sion as an extra dimension. From the four dimensional viewpoint we 
can see that the spacetime has a structure similar to a Kaluza-Klein 
bubble of nothing, that is, four dimensional spacetime ends at the 
2-brane. Since a spatial section of the full deSitter spacetime has the 
topology of a sphere, the boundary surface surrounds the remaining 
four dimensional spacetime, and can be considered as the celestial 
Oh, sphere. After the spacetime is created from nothing via an instan- 

ts ' ton which we describe, some four dimensional observers in it see the 

celestial sphere falling down, and will be in contact with a 2-brane 
attached on it. 
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It is well known that the Kaluza-Klein vacuum is unstable against cre- 
ation of bubbles of nothing in general [T] . The first solution found by Witten 
describes the Kaluza-Klein bubble in asymptotically flat spacetimes with a 
compactified space dimension. Recently, extension to asymptotically adS 
spacetimes was considered from the aspect of the adS/CFT correspondence 
or dynamical spacetimes |2]- The regular, dynamical and non-trivial ge- 
ometries might give us good examination for superstring theory. (See also 
Ref. ini for similar solution in the context of the Randall-Sundrum brane 
world.) On the other hand, a Kaluza-Klein bubble solution in de Sitter 
spacetime has not been found. 

Consistent de Sitter vacua in superstring theory were just recently 
found 0] and, thus, we now have all kinds of maximally symmetric space- 
times in superstring theory: Minkowski, de Sitter and anti-de Sitter space- 
times. Among these three types of spcetimes, a Kaluza-Klein bubble solu- 
tion has not been found in and only in de Sitter spacetime. Therefore, it 
seems natural to seek a Kaluza-Klein bubble solution in de Sitter spacetime. 

This paper can be considered as a first step towards this direction. 
While we shall not find a Kaluza-Klein bubble solution itself in de Sitter 
spacetime, we examine properties of a spacetime with non-trivial topology, 
which has structures quite similar to those of a Kaluza-Klein bubble. First 
we shall discuss the five dimensional de Sitter spacetime with a deficit angle 
due to the presence of a closed 2-brane and then find a spacetime structure 
similar to a Kaluza-Klein bubble. That is, the four dimensional spacetime 
ends at the 2-brane if we identify one dimension with an extra dimension. 
The construction of full spacetime here is a straightforward extension of 
Ref. in four dimension to five dimensions. Non-trivial issue presented 
here is analysis from the four dimensional point of view. 

We begin with the five dimensional deSitter spacetime in the static 
chart 

ds^ = -(1 - H\^)dt^ + ^-^r^dr^ + r^de^ + sm^9dQl). (1) 

Through the double Wick rotation 

t -^ ix/H and e^iT+^, (2) 

we obtain a new metric 

(5)g = (H-^ - r^)dx^ + \-^dr'' + r'^i-dr'^ + cosh^Td^l), (3) 

where < r < H^^ . If we require the spacetime to be regular at r = 
-ff~^, the coordinate x must have the period Xp = ^tt. As seen later, the 
spacetime is exactly five dimensional deSitter spacetime. On the other 



hand, if we add a 2-brane at r — H ^ then this condition is relaxed and 
the period can be any value smaller than this value: 

< Xp < 27r. (4) 

The equality holds if and only if the 2-brane tension vanishes or there is 
no 2-brane. In the following we consider a 2-brane with non-zero tension 
at r = H~^ to make the period Xp small enough and may regard x as a 
coordinate of a compact dimension. Again, as seen later, the spacetime is 
five dimensional deSitter spacetime with a deficit angle. 

For Xp < 27r, the 2-dimensional subspace spanned by (x, r) and ex- 
tended to the negative r region is like an American football as shown in 
Fig- n (For Xp = 27r it is a round sphere.) At each point (x, r) on the 
surface of the football, a 2-sphere with radius rcoshr is attached and it 
is identified with the 2-sphere at (x, —r). Hence, if the longitudinal an- 
gular coordinate of each 2-sphere is suppressed, a, t — const, surface has 
a pancake-like (or convex lens-like) shape. The thickness of the pancake 
corresponds to the size of the compact dimension y/H^^ — r'^Xpi ^'^d the 
edge of the pancake is at r = H~^ , where a 2-brane with the topology of 
2-sphere is attached. While the thickness is independent of the time r, the 
physical radius of the pancake changes as H^^ coshr. 




r=l/H r=l/H r 

Figure 1: The 2-dimensional subspace spanned by (x, r). A 2-sphere is 
attached on each point and 2-spheres at (x, ±r) are identified. 

Let us focus on the geometrical structure of timelike hypersurfaces x = 
const, where we live. The induced metric is 

(4)g = \TT^dr^ + r^i-dr'^ + coshVdr!^). (5) 

The Riemann tensor of the induced metric becomes 

(^)i?^../3 = H\(^^g,^(^^g^p - Wg^/^)g.„). (6) 

Since the induced metric has a constant curvature, the spacetime locally has 
maximal symmetry and is locally isometric to a four dimensional deSitter 
(dS4) spacetime. To investigate the global structure we introduce a new 



coordinate u defined hy r ^ H ^sincr. Then the induced metric is written 
as 

i/2(4)g ^ dcr2 _^ sin2o-(-dr2 + coshVdr^^). (7) 

Next we introduce the following coordinate (T, ^i) via the coordinate trans- 
formation 

sinhT = sincrsinhT, 
coshTcos^i = coscr. (8) 

Finally the induced metric becomes deSitter one in the complete chart 

ij2(4)g = -dT^ + cosh^T{d6l + &iTi^6id^l). (9) 

To see where (r, a) chart covers the deSitter spacetime, it is convenient 
to embed it in a five dimensional Minkowski spacetime as 

Yq ~ sinhT = sincrsinhr, 

Ycj = coshTcos^i — cosCT, 

Yi ~ coshTsin0iCos02 — sin(TCOshTCOs6'2 , 

Y2 = coshTsin0isin02Cos03 ~ sinCTCOshTsin02Cos03, 

Y3 = coshTsin0isin02sin03 = sincrcoshTsin02sin03. 

The deSitter metric is 

H^^'^^g = -dY^ + dY^ + dY^ + dY^ + Y^. (10) 

As shown in Fig. 2, the r — const, slices are cross sections of the deSitter 
hyperboloid — Fq^ + Y^ + Y2 +Y^ +Y^ = 1 with surfaces defined by 



Yq 

sinhr 



if = l- (11) 



The a — const, slices are the cross sections of the deSitter hyperboloid with 
Yff = const, surfaces. Hence, the coordinate system (r, r) covers the region 
< Fcr < 1. The right boundary Y^ = I is just a coordinate artifact and 
the five dimensional spacetime can be analytically continued beyond it so 
that the four dimensional projection of the full five dimensional spacetime 
covers the region Yo- > 1 as well, where the deSitter open chart is fitted. On 
the other hand, we can see that the five dimensional spacetime cannot be 
extended beyond the other boundary Y^ = 0. Actually, the five dimensional 
spacetime is geodesically complete 



Therefore, as depicted in Fig. 2, the regions Y^ < and Y^ > rep- 
resent a similar one with the Kaluza-Klein bubble of nothing and the four 
dimensional world, respectively. The boundary Y^ = (or r = H^^) has 
the topology of a 2-sphere and the area radius H~^ coshr, and surrounds 
both regions. Hence, from four dimensional observers' viewpoints, it is 
interpreted that the four dimensional spacetime ends there. 




Figure 2: The global structure of the four dimensional induced geometry. 
The figure shows the projection onto Y^-Yc plane. The region of Yc, < is 
removed. 



In order to analyze the global structure we introduce null coordinates 
u± defined by 



u± 



T± 



dr 



Wl - Hh 



1, 1 + Vl - H^r^ 

= T T -log =. 

2 ^1- Vl-i?2r2 



In this null coordinate system the induced metric becomes 



(4)„- 



g = H- 



1 



where 
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The expansion rate of out/in-going null geodesic congruence is 



0±--- 



dlnR 

du± 



sinh 
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sinh 
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cosh- 



(15) 



Since the spacetime is locally a four dimensional deSitter spacetime, the 
structure in terms of the expansion rates is simple as seen in Fig. 3. Each 



expansion 9± vanishes on the null surface Wzp = 0, is positive in the region 
liup > and is negative in the region U:^ < 0. We note that Hr = l/coshr 
and Y^ + Y2 +Y^ = 1 are satisfied on the 9± = surfaces. 

From Fig. 3, one can easily see that, from the view point of observers 
sitting at the center R = (i.e. x = —00) of the spherical symmetry, 
the boundary x = is always beyond the cosmological horizons u± — 0. 
On the other hand, freely-falling observers off the center can be affected 
by the boundary. For example, let us consider comoving observers in the 
flat-chart covering the region u_ > 0. As easily seen from Fig. 3, some 
observers (the observer 1 in Fig. 3) will reach the edge a; = in finite 
affine time if the deviation from the center of spherical symmetry is large 
enough. For a small but non-zero deviation, the observer (the observer 2 
in Fig. 3) will not reach the edge but will be in the causal future of the 
bubble in Lorentzian region after some time. 

So far, we investigated the spacetime structure from the four dimen- 
sional viewpoint. Let us now consider the extra dimension and the five di- 
mensional structure. The size of the extra dimension is given by \^H^^ 
in the region covered by the coordinate system adopted in Q. This expres- 
sion is equivalent to YcrXp and, thus, can be extended to the open universe 
region Yo- > 1. Hence, the size of the extra dimension is not bounded from 
above in the open universe region. It is, thus, natural to ask what the ratio 
of the size of extra dimension to the size of the four dimensional universe 
is. We shall see below that the ratio is roughly Xp/4, which can be made 
arbitrarily small by fine-tuning the 2-brane tension. 



r'^Xp 




Figure 3: The signature distribution of 6+ and 9- in t-x plane. Only the 
region x — |(u-|_ — m-) < is considered since the other region x > is 
removed. The surface 9± — corresponds to r = ±x < and separates the 
spacetime into two regions, that is, the region 9± > {or t > ±x, x < 0) 
and the region 9± < {or t < ±x, x < 0). 



The metric of the full five-dimensional spacetime, which is locally iso- 



metric to the deSitter spacetime, is written as 

H^'^'^'>g = -dT^ + cosh^T{del + cos^Oidx^ + sin^eidQ?.) 

= -dr^ + cosh^ds^*- (16) 

Here, ds'^4 is the metric of S^ and is transformed to the standard form by 

cos^i ~ cos ^1 sin X, 
sin6'icos02 = cos 01 cos X, 
sin 01 sin 02 = sin^i, (17) 

so that del + cos^ 9idx^ + sin^ Oidn'^ = dOf + sin^ 0i(d0f + sin^ 02^^!)- 
Hence, without the deficit angle due to the 2-brane, the five dimensional 
spacetime would be the maximally extended de Sitter spacetime not only 
locally but also globally. On the other hand, we shall see below that the 
presence of the 2-brane and the deficit angle introduces an intriguing struc- 
ture. The 2-brane is located at 0i = tt/2, where the extra dimension of S^ 
shrinks. 

In order to visualize the five dimensional spacetime structure in the 
presence of the closed 2-brane and the deficit angle (27r — Xp > 0); it is 
convenient to go to a flat chart. Note, however, that the same structure 
looks differently for different choices of the origin of the fiat chart since the 
presence of the 2-brane breaks the global translational invariance. Here, 
we choose the origin of the fiat chart (ii, a;i, 0:2, 0:3, 2:4) as 

ti = ln(sinhT + coshrcos0i), 
cosh T sin 0i cos 02 



Xi 



X2 



X3 



sinhT + coshrcos0i 
cosh T sin 0i sin 02 cos 03 

sinhT + coshrcos0i 
cosh T sin 0i sin 02 sin 03 cos 04 
sinhr + coshTcos0i 



cosh T sin 01 sin 02 sin 03 sin 04 ,_, 

X4 = = . (18) 

sinhT + coshrcos0i 

In this flat chart, the 2-brane is located at the intersection of xi = and 
X2 + x\+ xi = 1-1- e^^^*^ . For a deficit angle larger than it or, equivalently, 
Xp < TT, the spacetime region is restricted by ^ 

^ yi + (1 + e-^g*^ -xl-xl~ xj) tan^(xp/2) - 1 
'""" ~ tan(xp/2) 



^In the above argument we have assumed that the deficit angle is larger than n. If 
the deficit angle were smaller than vr (and thus Xp > '"") then it would be convenient to 
change the origin of x so that — Xp/2 < X + ^f^ ^ Xp/2. This would correspond to the 



^(l + e-2^*i 



X') Xr> Xa 



oixl 



(19) 



where we have chosen the origin of x so that —Xp/'^ ^ X~ '^/'^ ^ Xp/2- 
Therefore, the 5-diniensional spacetime has a pancake-like (or convex lens- 
hke) shape as already discussed. The expression (19) also makes it evident 
that the ratio of the size of the extra dimension (the thickness of the pan- 
cake) to the size of the four dimensional universe (the radius of the pancake) 
is roughly Xp/4. 
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Figure 4: Creation of the universe. 



The spacetime discussed here can be created from nothing via an in- 
stanton. The instanton is obtained simply by analytic continuation on the 
r = surface. In the Euclidean regime (t -^ —i{TE — 7i'/2), Fo -^ iYs, T — > 
i{TE — 7i'/2)), the five dimensional Euchdean geometry is locally isometric 
to the 5-sphere S^ as 



£f2(5) 



9E 



dTl 



sin-TEdsgi 



ds^ 



S5l 



(20) 



while Eq. (|ll|l becomes 



Ye 

COSTS 



Y' = 1. 



(21) 



Hence 9 = const surfaces are cross sections of the four dimensional unit- 
sphere yj + Y^ + Y^ + Y^ -\-Y^ = 1 with the surface defined by Eq. l(^ 
(See Fig. 4). The creation of the spacetime with 2-brane at r = because 

change of the origin of the flat chart to the opposite point on the S"*. With this change, 
the inequality in (19) would be opposite and Xp in the right hand side would be replaced 
by the deficit angle 2-k — Xp- Therefore, in the case of a large deficit angle (xp < t) the 
spacetime is the outside of a pancake-shaped region but not the inside. In the limit of 
zero deficit angle (xp — » 27r) the maximally extended de Sitter spacetime is recovered as 
the thickness of the pancake-shaped region vanishes. 



r = surface is momentary static. Note that the path depicted in Fig. 
4 corresponds to a quantum creation of the whole universe with a closed 
2-brane. As we have already mentioned, the region Y^ > 1 can be regarded 
as an open universe. So the current path may be interpreted as creation of 
the open inflationary universe with a 2-brane. (See Ref. [6] for creation of 
open universes via a singular instanton. In Ref. [7,8] a regular instanton 
similar to our instanton was proposed.) 

Let us summarize our study. In a five dimensional theory admitting 
a positive cosmological constant, we considered a spacetime with a closed 
2-brane. Despite the fact that it is locally a de Sitter spacetime, a large 
enough deficit angle due to the presence of the 2-brane introduces an in- 
triguing structure. Depending on observers, the spacetime can be effec- 
tively four dimensional at low energy. Indeed, while the size of the extra- 
dimension is not bounded from above in general, its ratio to the size of the 
four dimensional universe can be made as small as one likes by fine-tuning 
the 2-brane tension. If the deficit angle exceeds tt then the spacetime has a 
pancake-like (or convex lens-like) shape with the upper and lower surfaces 
identified. All observers are confined inside the pancake-shaped region sur- 
rounded by the closed 2-brane. 

The edge of the pancake mimics the surface of the Kaluza-Klein bubble 
of nothing and all observers in the pancake are outside the "bubble" . Hence, 
it is the boundary of the four dimensional spacetime. 
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